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Abstract

In quantum physics, the operators associated with the position and the momentum of a article are un-
bounded operators and C*-algebraic quantisation does therefore not deal with such operators. In the present
article, I propose a quantisation of the Lie—Poisson structure of the dual of a Lie algebroid which deals with
a big enough class of functions to include the above-mentioned example. As an application, I show with
an example how the quantisation of the dual of the Lie algebroid associated to a Poisson manifold can lead
to a quantisation of the Poisson manifold itself. The example, I consider is the torus with constant Poisson
structure, in which case I recover its usual C*-algebraic quantisation.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

In his PhD thesis, Ramazan [5] (see also Landsman and Ramazan [2]) proved a conjecture of
Landsman which roughly speaking states that the quantised, that is deformed, algebra of functions
on the dual of a Lie algebroid in the direction of its natural Lie-Poisson bracket is the C*-algebra of
the Lie groupoid integrating the Lie algebroid.! The type of quantisations that Ramazan considers
are deformation quantisations in the sense of Rieffel [6]. Not all functions are quantised in this
way, in fact only functions whose Fourier transform is compactly supported (with respect to a
given family of measures) are quantised.
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! That is if the Lie algebroid is integrable.
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If M is a Riemannian manifold, then its tangent bundle is a Lie algebroid which integrates
to the pair groupoid M x M. The induced Lie—Poisson structure on 7*M is the usual symplec-
tic structure on a cotangent bundle and Landsman—Ramazan’s quantisation can be carried over.
Nevertheless, this example shows an important limitation of this procedure: functions that are
polynomials in the fibres of 7*M — M are not quantised, whereas functions giving the posi-
tion or the momentum of a particle are of this type. Moreover, it is well known by physicists
that the quantisation of such functions are unbounded operators, whereas Landsman—Ramazan’s
quantisation only gives elements of C*-algebras, that is bounded operators on a Hilbert space.

In the present article, I wish to propose a quantisation of the dual of an integrable Lie algebroids
A — M which can be used on a wide class of functions. This class contains in particular functions
which are polynomial in the fibres of A* — M. This will be done in Sections 2 and 3, where
Theorem 2.14 is the main result. In Section 4, I show that Theorem 2.14 can be used to recover
the physicists’ position and momentum operators of a particle moving in R”.

If M is a Poisson manifold, then its cotangent bundle is naturally a Lie algebroid whose dual can
be quantised using Theorem 2.14. One might then hope that this quantisation will help finding
a quantisation of the original Poisson manifold M. This slightly naive idea is shown to work
on an example, the torus with constant Poisson structure, in Sections 5 and 6. There, I recover
the usual C*-algebraic quantisation of a constant Poisson structure on a torus (see Tang and
Weinstein [7], and Weinstein [8]). Part of the strategy of Section 6 consists in finding a Poisson
map between TM and M. Such maps are solutions to a partial differential equation derived in
Section 5. In Appendix A, I show how to find a solution to this equation in the case of the sphere
in R3.

2. Method of quantisation

Let G =% M be a groupoid and 7 : A — M its Lie algebroid. I will use the same letter t to
denote the projection A* — M of the dual of A. Choose a Riemannian metric on A — M. By
duality, this also gives a Riemannian metric on A*. I will denote by X, Y or Z elements in A* and
by & or ¢ elements in A.

Definition 2.1. Let E be a s-family of operators on G, that is a map g — E, from M to the linear
forms on C2°(s _l(q)). I'will denote C2°(G) ®; C2°(M) the vector space of such operators which
in addition satisfy: for all smooth family of functions H on G with compact support, that is for all
compactly supported smooth function H on N x G for some manifold N, the function:

NxM— C, (u,q) = E4(x =~ H(u, x))

is smooth and compactly supported.

Also I will denote O p(G) the vector space of s-family of operators E which in addition satisfy:
for all smooth family of functions H on G with compact support, that is for all compactly supported
smooth function H on N x G for some manifold N, the function

NxG— C, (u, 2) = Eyp(x — H(u, xz2))
is smooth and compactly supported.

Notice that since M is a closed sub-manifold of G, the space O p(G) is included in C2°(G) ®;
C2°(M). On the contrary,
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Proposition 2.2. Let D be in C°(G) ®; C2°(M). For any compactly supported smooth function
Hon N x M, the map:

N x G — C, (u, z) = Dy (H(u, -z))
is smooth. Nevertheless, it might fail to be compactly supported.

Proof. Let H be a compactly supported smooth function on N x G, where N is a manifold. I
wish to prove that the map:

NxG—C, (u, 2) = Diz)(H(u, -2))

is smooth. Let (g, zo) be a pointin N x G. Let ¢ be a compactly supported smooth function on
G such that ¢ = 1 on a neighbourhood of zy. Consider:

H:NxG? - C  (u,x,2) > Hu,x 2¢Q).
If
K ={(u,x,2) € N x GP|(u, xz) € suppH, z € suppg},

then the support of H is a closed subset of K’ and since one easily checks that K’ is compact, it
follows that A has compact support. Using the fact that G® is a closed sub-manifold of G x G,
Iextend A to a function, still denoted A, in C2°(N x G x G).Let N = N x G. By interpreting
the extended version of A as a function:

NxG—C, ((u,2),x) > H(u, x, 2).
I can apply D and obtain a function:
NxM—C, ((u, 2), q) > Dy(H(u, -, 7))

in C?O(N x M). The closed sub-manifold {x, z, #(z)} of N x G is diffeomorphic to N x G.
Therefore, (4, z) = Dy)(H(u, -z)¢(2)) is smooth. This map is equal to (u, z) = Dy (H(u, -z))
in a neighbourhood of (u, z9). This can be done for any choice of (ug, z¢), it follows that
(1, 2) = Dy (H(u, -z)) is smooth.

Nevertheless, the map (u, z) = Dy)(H(u, -z)) needs not be compactly supported. Indeed,
choose M to be a point, that is G is a genuine group. Let fbe a smooth functionon G, u© = dgbe a
rightinvariant measure on G and D = D 7 be defined as in Proposition 2.3. Then for / a function on
G,themapz > |, ¢ f(@)h(gz) dgis certainly not compactly supported in general. For example, if f
is the constant function equal to 1 then the above map is the constant function equal to |, ghdg. U

Let A — M be the Lie algebroid of G =2 M. Assume that we have a right invariant everywhere
positive section i of |2|' (7% G); it defines a right invariant smooth Haar system on G = M. This
section is entirely determined by its value along M in G, which is a section, denoted d, of |2|' (A).
Equivalently, du is a smooth family of Lebesgue measures on the fibres of A — M. By taking
the dual, we obtain a family of Lebesgue measures on A* — M, the dual of A — M.

Integration provides a way of embedding C*°(G) in C2°(G) ®s C2°(M).

Proposition 2.3. Let f be in C*°(G). For each q in M, consider the following linear form on
(s ~Hg)):

Dpg:h— / fhu.
s N

Then Dy is in C°(G) ®; CZ(M).
If moreover f has compact support, then D is in O p(G).
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Proof. Let N be a manifold and H a compactly supported smooth function on N x G. It is clear
that the map (u, g) — D 4(H(u)) has support in (Idy X s)(suppy) which is compact.
Moreover, because fH has compact support, it is a finite sum of functions with support contained
in open local charts. Writing things in these local coordinates, it becomes obvious that the map
(u, q) = D 4(H(u)) is smooth.
In addition, when f has compact support, the map:

N xG? = ¢, (u,x,z) > f(x)H(u, x7)

has compact support. Hence
NxG— C, (u,z) — / JOO)Hu, xz)
s ~1(2)

has compact support and D¢ is in Op(G). O

The Lie algebroid t: A — M is in particular a vector bundle and one can construct a Lie
groupoid A = M with both the source and the target map equal to the projectiont: A — M. In
particular, each smooth function on A gives an element of C2°(A) @, C2°(M). Let fbe a smooth
function on A*. Unless the restriction of f to each fibre of A* is L', the Fourier transform of f
is not defined. Nevertheless, the Fourier transform of D is defined for a much larger class of
functions.

Definition 2.4. Let fbe a smooth function on A*. Say that f has polynomial controlled growth if

for every g in M,

every smooth multi-vector field v on M,

every non-negative integer k and every section & of S¥A*, and

every trivialisation ¢ : A|g — A, x B’ in a neighbourhood B’ of ¢,

there exists a smaller neighbourhood B C B’ of ¢, a non-negative constant C and an integer m
such that

(YA - YY) < C(+||Y>)", forallYinA*|p, (1)

where 7 is the multi-vector field defined on A* using v and the trivialisation ¢, and A is the
multi-vector field on A* defined using § and the vector space structure on the fibres of A*.
Denote by C,g>(A™) the set of smooth functions on A* with polynomial controlled growth.

Notice that the above definition remains unchanged if one replaces YA by A7 in (1). Also,
to check if f has polynomial controlled growth, it is enough to check (1) for only one particular
choice of trivialisation ¢.

The interesting thing about functions with polynomial controlled growth is that one can define
the Fourier transform of the operator D s associated to them. This will be a consequence of the
following easy lemma.

Lemma 2.5. Let (t, §) be coordinates on R x R" and K a compactly supported smooth function
on R x R™. If P is any polynomial function on R" then the map:

R x R" — C, 1, X) —> P(X) / dee " XE K@, £)
Rn

is bounded.
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Proof. This is just another simple application of the fact that the Fourier transform takes multi-
plication by a variable to differentiation with respect to that variable. [

Corollary 2.6. Iff has polynomial controlled growth, set the Fourier transform of D ¢ to be
S(Dg)g(h) = / du(X) fFXOFRNX), Yge M, h e CX(t ~\(g).
Ad

This is a well-defined element of C2°(A) @; C2°(M).

Proof. If H is a compactly supported smooth function on A, then using Lemma 2.5 it is easy to
prove that D ¢(H) is a well-defined smooth function on Q.

In addition, the support of D (H) is included in the image of the support of H under the
projection T : A — @ and is therefore compact. [

In Definition 2.11, I define the set of functions acceptable for quantisation as a subset of the set
of functions with polynomial controlled growth. One can then apply Proposition 2.13 to see that
the set of functions with polynomial controlled growth is big enough for our purpose. Moreover,
it is a Poisson algebra as the next lemma shows.

Lemma 2.7. The set of functions with polynomial controlled growth forms a Poisson sub-algebra
of C°(A%).

Proof. This is a simple consequence of Lemma 3.6. [
I now wish to put a structure of algebra on O p(G).
Proposition 2.8. Let D and E be two elements of O p(G). For q in M and h in C2°(s (@), set:
(D % E)y(h) = E4(z = Dy)(REh)).
The operator D % E lies in O p(G).

Proof. Let N be a manifold and H a compactly supported smooth function on N x G. The
function F on N x G defined by F(u, z) = Dy)(H(u, -z)) is smooth and compactly supported
because D is in O p(G); therefore the function (i, z) — E;)(F(u, -z)) is smooth and compactly
supported. [

Since G is a groupoid over M, recall that its tangent groupoid is a Lie groupoid over R x M
with set of arrows the union of R — {0} x G and {0} x A. This set is given a smooth structure
in a suitable way so that its Lie algebroid, called the tangent Lie algebroid,is R x A — R x M
with the obvious projection and the following bracket of sections: if (A, ¢(g, k)) and (A, &(gq, i)
are two sections of the tangent Lie algebroid, let {5 and &5 denote the restrictions of ¢ and & to a
fixed A. These are sections of A — M. Then

[(7, ©), (R, ©OI(h, @) = (R, hl&h, ER1(q)).
If 5 is the anchor map of A — M, then the anchor map of the tangent Lie algebroid is
RxA—RxTM, (h, &) > hn(&).

For more details on tangent groupoids, see [1].

To fix the notation, let G be the tangent groupoid of G, with respective source and target maps
tildesand7,and7: A = R x A — R x M its Lie algebroid. I will present a method to construct
a map from C2°(A) ®; C°(M) to CSO(G) ®s5 C°(R x M). Let o be a diffeomorphism from an
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open neighbourhood W of M in A to an open neighbourhood V of M in G such that

® a(q) =qforgin M,
® soa = T,in particular o sends A, to s (g,
o the differential at zero of the restriction of « to Ay is the identity map from A, to A,.

For example such an « can be obtained from the choice of an exponential map. Let
W={hX) eRx AlhX € W}
be an open subset in A. On it, the map:

(h, a(hX)) for ki # 0

o(h, X) = {(o, X) forh=0

is a diffeomorphism onto an open neighbourhood V of R x M in G. Choose a smooth function
Y on A with support in W such that |1 ,2yw = 1. Define ¥in C*(R x A) by ¥(h, X) = Y(hX).

Proposition 2.9. Let D be in C2°(A) ®; C°(M). For (h, q) in R x M and h in C°(3 “1(h, q)),
set

D(p.q)(h) = Dy(X > Y(Rh, X)h o &(h, X)).
The operator D lies in CSO(G) ®; CP(R x M).

Proof. Let N be a smooth manifold and H a compactly supported smooth function on N x G.
The function (p o& ~! defined on V can be extended, by zero, to a smooth function on the whole
of G. The product of this function with H is of course with compact support in V; hence its pull
back by @ is compactly supported. It follows that the function:

(NxR)yx A— C, (u, By, X) = Y(hX)H(u, a(h, X))

is well defined, smooth and compactly supported. Therefore, I can apply the operator D to it and
get a compactly supported smooth function on N x R x M. This proves that D is in C2°(G) ®s
CPRx M. O

Notice that in the above proof, the function  is used to make sense of expressions of the type
Y(hX)H(u, &(h, X)) even when (%, X) is not in W, the domain of definition of &.

Let us see what happens to the product of two operators constructed as in the previous propo-
sitionat h = 0.

Lemma 2.10. Let D1 and D be in C°(A) ®; C°(M) such that D, and D5 are in D p(G).
Let H be a compactly supported smooth function on G and q be a point of M. If Hy denotes the
restriction of Hto A C G then

(D1 * D2)0.9)(H) = (D1 * D2)4(Ho).

In particular, if fi—1 are functions on A* such that §(Dy,) and F(Dy,), respectively, S(Dfl)
and F(Dy,), are in O p(A), respectively, O p(G), then

(D7) * 5D ))0.0)(H) = F(D, f)q-
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Proof. The first claim is true because
(D1 % D2)0,q)(H) = D2,y(Y > D14(X = H(O, X + Y)) = (D1 * D2),(Ho).
The second claim is true because
(D) * FD))0.0(H)
= S(D ) * (D 1,))q(Ho)

= / du(X) f2(X) / du(&e” &0 / du) fi(Y) / du(e)e™ " Ho(¢ +¢)
A A, A Ay
— [ 000 [ au@e ™ [ aumim [ auee 50 o
= [ OO0 ACOE ~AFEHNIX)
= [ QOO L0 AICOFHNN) = 5Dy (o).
q

Of course, not every element D of C2°(A) ®; C2°(M) gives an element of O p(G) and an
important problem is to be able to determine when does D lie in O p(G)? More precisely, for fin
C>®(A*), I want to know when does F(D ) lie in O p(G)?

Definition 2.11 gives an answer to this question.

Let f be a smooth function on A* such that for any ¢ in M and any compactly supported
smooth function & on A,, the product of the restriction f, of f to A; by the Fourier trans-
form §(h) is again the Fourier transform of a compactly supported smooth function denoted by
m p(q)h:

Jq§(h) = S(m g (@h).

For N a smooth manifold and 6 : N — M a smooth map, denote by ® the induced bundle mor-
phism 6*A — A.

Definition 2.11. A smooth function A on 6* A is said to be sufficiently compact if:
(i) itisin CS2(6*A), the set of vertically compactly supported smooth functions;

(i1) for any subset K of A which is compact modulo M (that is K is closed and K\ M has compact
closure),2 the set

(supp(H) + © TKyNN
is relatively compact. This requirement says that ‘small vertical perturbations of the support

of H meet N in a compact set’.

The set of sufficiently compact functions on 6* A is denoted by Co2 (6% A).
A smooth function fon A* is said to be acceptable for quantisation if:

2 Any compact set is compact modulo M; but there might be other compacts modulo M : M C A itself is compact
modulo M even if it is not compact.
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. fhas polynomial controlled growth,

. m g preserves C.°(A),

3. m s preserves Cir (6" A) for all manifolds N and smooth functions 6 : N — M, where the action
of m g in (1) and (2) is defined fibre-wise.

N —

The set of smooth functions acceptable for quantisation is denoted by Q(A*).

One reason to state the rather technical above definition is the following proposition.

Proposition 2.12. Iffis acceptable for quantisation then @ lies in O p(G).

Proof. Let fbe acceptable for quantisation. Let N be a manifold and A a compactly supported
smooth function on N x G. I need to prove that the function:

NxG— C,
(. h, 2) > FD gy (e x) > Hu, (B, 2)(R, 2)))
= [ 0700 [ du@e Oy et ),
1(2) 1(z)

is compactly supported.
Define#: N x G — M by

O(u, h, 7) = 1(2).
Let F be the function:
0*A — C, u, k, z, &) — Y(h&)H(u, a(h, £)(h, 2)).

I need to prove that m ¢ F(u, h, z, Oy(y)) is compactly supported in (u, &, z). It will be enough to
prove that F is sufficiently compact on 6*A.

Fix (u, h, z) in N x G. Because H is compactly supported and because multiplication on the
right in a groupoid is a diffeomorphism between two fibres of the source map, the map:

N x5 7\(h 1) > C. (u.hx) > Hu, (h,2)(h, 2)

is compactly supported. The function ¥y o & ~! is defined on an open subset of 5 ~'(A, 1(z))
and can be extended by zero to a smooth function on the whole of § —L(h, 1(2)). Tts product with
H(u, (h, x)(h, 7)) is compactly supported. This product composed with & is a compactly supported
function on 8% A, p, 4(;))- This proves that F' has vertical compact support.

Let K be a compact modulo M in A. I am interested in

(SuppF + ® 71K) NN x G C {(uv hv <, OI(Z))|aé € Af(Z)’
hé € Suppl/f, (ua &(h’ S)(h’ Z)) € Suppi{v _E € K}

Let (uj, hj, zj, 0) be a sequence in set on the right-hand side of the above inclusion. For each
J» choose an element &; of —K such that (u;, hj, @(hj, £;)(h;, z;)) is in the support of H. This
sequence satisfies
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1. —&;is asequence in K,
2. hj&;is a sequence in the support of v,
3. (uj, hj,a(hj, £;)(hj, z;)) is a sequence in the support of H.

Because the support of H is compact, we can find a subsequence such that u je» I, and
a(hj,, &;,)(hj,, zj,) converge. Also, since K is compact modulo M, we can extract a subsequence
such that either &;, converges or &, lies in M. In the former case, h;,&;, converges in suppy and
a(hj,, &) admits a limit, therefore (A, , z,) converges. In the latter case, &(h;,, &;,)(hj,, ;) =
(hj,» zj,) converges as well. It follows that (suppF + © “'K)N N x G is compact. [

Proposition 2.13. Iffis either:

® the Fourier transform of a compactly supported smooth function on A,

e polynomial in the fibres, that is f is a smooth section of @i S* A

® a compactly supported character, i.e. it is of the type X, — el @-X) where £ is a compactly
supported smooth section of A,

then fis in Q(A*).
This proposition shows that $(A*) contains indeed many interesting functions.

Proof. Let fbe the Fourier transform of a compactly supported smooth function g. For each g in
M, choose a local chart together with a trivialisation of A and A* over it. Writing things in these
local chart and local trivialisation, to prove that f has polynomial controlled growth is a simple
matter of differentiating under the integral sign in the definition of the Fourier transform.

If fis either polynomial in the fibres or a compactly supported character, is even more immediate
to prove that f has polynomial controlled growth.

Fix a compactly supported smooth function H on A, a manifold N, a smoothmap 6 : N - M
and a sufficiently compact smooth function H € C(6*A).

Firstly, assume that fis the Fourier transform of a compactly supported smooth function g on
A. The support of m ¢ H is included in the sum of suppg and the support of H, hence it is compactly
supported In the same way, the support of m s H is included in the sum of the support of H and
© ~lsuppg. It easily follows that m fH is again sufficiently compact.

Secondly, assume that fis a smooth section of @ S* A. For such a function, the operator m r1is
given by a differential operator d7 and 0y H has support included in the support of H, therefore
drH is in C°(A*). In the same way, my = d7 preserves C. (6% A). Hence, f is acceptable for
quantisation.

Finally, assume that f is of the type f(X,) = e!t¢@-X) Then the effect of my on H is to
translate its support by £ on each fibre of A — M. Therefore, m s H has also compact support.
For the same reason, m fH is also still vertically compactly supported. The support of m fH is
equal to suppH + ® ~'Im(—¢). Since [ is compactly supported, its image is compact modulo M
and m s H is again sufficiently compact. O

Theorem 2.14. Let G =% M be a groupoid with Lie algebroid t : A — M. Define a quantisation
map:

Q: CA™) > CX(G) @ CER x M), f > 3(Dy).

Then this defines a quantisation of the Poisson manifold A* in the sense that Q sends the set of
functions acceptable for quantisation Q(A*) into O p(G); moreover, if f and g are two functions
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acceptable for quantisation then
Q) * 28)0.9) = 2(f2)0.9)
and the operator D = #I[Q(f), (@)l isin CSO(G) ®; C(R x M) with
Do,q) = QU1 8D0,9)-
for every g in M.
Notice that along a non-zero &, Q( f) restricts to an operator:
Q)i : C2(G) — CZ(G),

while for i = 0O it restricts to an operator C2°(A) — C2°(A) which is the Fourier transform of the
operator multiplication by fon C2°(A*).

Theorem 2.14 is a consequence of Lemma 2.10 and Corollary 3.8. The proof of this corollary
will take up the whole of next section.

In Section 4, I show how by applying Theorem 2.14 one recovers the quantisation of the
position and momentum operators used by physicists. In Section 6, I will show how to use it to
recover Weinstein strict quantisation of the torus with constant Poisson structure.

3. Computation in local coordinates
Let m = dim M, U be an open subset of R” and ¢ a diffeomorphism between U and an open
subset of M:
¢:U— oU)CM.
Let
UxR"— Aly, (u,8) > y(u,§)

be a trivialisation above ¢(U) of the vector bundle A — M, read in the local chart (U, ¢). I identify
R”" with its dual using the usual Euclidean structure of R”. Therefore, y also defines a trivialisation
8 of the restriction of A* — M to ¢(U). This trivialisation is characterised by

(8(u, X), y(u, §)) = (X, §),

where (, ) denotes both the pairing between A and A*, and the Euclidean product on R”.
Choose an open neighbourhood V of U x {0} in R™ x R”, such that « is defined on y(V). I
can define a local chart for G:

0:V— G, (u, v) —> aoy(u, v).
Let V' be an open neighbourhood of U x {0} in V verifying:
1. for each (u, v) in V’, there exists u in U such that ¢ o O(u, v) = ¢(u),
2. for each (u1, vi) and (43, vp) in V’ with 7 0 6(u3, v2) = @(uy), the product O(u 1, v1)0(uz, V2)
isin O(V).
Leto : V/ — U be given by (notice that ¢ ~! o5 0 O(u) = u):

o(u,v)=¢ ot o 6(u, v).



1820 S. Racaniére / Journal of Geometry and Physics 56 (2006) 1810-1836

Let
VI/,rU Xo V' = {(u,vi,v2)| (u, v2) € V', (o(u, v2),v1) € V'}
and define

P Vi, Xo Vi Vo (i vr,v2) > 0 7 (00, v2), v1)0(u, v2).
Ramazan [5, Proposition 2.2.5] proved:
p(u, vi, v2) = (u, v1 + v2 + B(u, v1, v2) + O3(u, v1, v2)),
O, v) ~! = 0(o(u, v), —v+ B, v, v) + O3(u, v)),
where B(u, v1, v2) is bilinear in (v, v3) and O3(u, vy, v2), respectively, O3(u, v), is of degree of
homogeneity at least 3 in v and vy, respectively v.
For & in R™:
a0 ay
5(”’ V)& = dyu, vy © %(u, V)& = dy@,pa o y(u, §),

because y is linear in v. In particular

a0
ai(uv O)S = y(uv é)a
v

because du is the identity along M. Moreover, ¢(u) = 6(u, 0).
The map:

PIRXUXR = Algey.  (hou, &) > (h, y(u, £)
gives a local trivialisation of the Lie algebroid A — R x M over R x U. Let
V = {(h, u, v)| (u, hv) € V}
and
V' = {(h, u, v)| (u, hw) € V'}.
I obtain local coordinates on G by taking 6 = & o ¥:
0:V -G, (h, u, v) — a(h, y(u, v)).
Let g be in M and & be in A,. Assume that £ is in the domain of . The map:

d —1
Te: Ag = Ava,  $> | e +rOa)
r=0

defines an isomorphism between A, and Asoq(s)-

Lemma 3.1. LetubeinU.Leth e Rand ¢, &in R":

d -
a a(h, Thyu.g) © y(u, O)a(h, y(u, ) = do,u,c+50(1, 0, 0).
h=0
Proof. I first compute
d 1\ -
& <h o oy hE 4 roeo yu, hf) ‘) a(h, y(u, £)

r=0

d
h, —
dr

o

O(u, hE + ro)0(u, he) —1> Ok, u, &)
0

r=
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d

=a|h —
( dr

d

=al|h, —
dr

+ 03(o(u, h€), hE + re, —hé + 0(h2)))) O(h, u, )

O(u, hg +ro)6(o(u, h§), —hé + 0(712))) 0(h, u, &)

r=0

0(o(u, he), rt + O(h*) + B(o(u, h), hE + rt, —hé + O(H2))
0

r=

- 20 -
=foy ! (h, o (@, h8), 0)& + Blo(u, h§), & —hé + O(h%) + 0(?#))) O(h, u, £)

Atr =0, we have 6(u, i + re)f(u, h€) ~' = 10 6(u, &), thus the differential of 6(u, i + r0)f(u, 1i€) ~' at
r = 0is of the type (30/v)(o(u, h&), 0)¢ for a certain vector ¢.

= 0(h, o(u, h&), £ — hB(o(u, h§), &, &) + OW*)B(h, u, &)
= (h, 6(c(u, h), he — h* B(o(u, h§), £, &) + O()B(u, h§))
This is true only for 20, nevertheless the final result of the computation is trivially true for h=0
= (h. 0(u, hg — 1* B(o(u, h§), &, &) + O(W) + h&
+ B(u, ht — I* B(o(u, hE), ¢, &) + O(RY), h&) + O(1?)))
= (h, O(u, K¢ + hE — W2 B(o(u, KE), &, €) + B(u, he, hE) + O(RY)))
= 0(h.u, £ + & — hB(o(u, h), ¢, &) + hB(u, ¢, &) + O(h?)).

The lemma follows by differentiation with respect to ~at 0. O

Lemma 3.2. Let fand g be in Q(A™*). Let q be a point in M and H a compactly supported smooth
function on G. Let

N () = F(Dp) % F(Dy)y, ,(H).

then
d

N oH
dhfg (0) = F(D p1¢)g(Ho) + F(D fo)q (ah ‘h=o> ’
where

oy
fo=<

and Hy = H|p—o.

(YoT::hH
h:()f he

The term % | ho 18 defined by first pulling back H to a neighbourhood of {0} x Ain R x A
via @, then differentiating with respect to & and finally pushing forward the result via & again.
This definition is actually independent of the choice of «.

Proof. We have
Np(h) = /A du(X)g(X) /A du(g) e X8 / du(Y) £(Y)

*
Aloa(hé)

x /A du(@)e Py ey (i) H(@(h, ¢)a(h, £)).
toa(h&)
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The following change of variables:

® replace Yby Y o Thgl with Y € A7,
o replace ¢ by Tpz(0) with & € Ay,

gives

Ng(h) = /A du(X)g(X) /A da(§) e /A du)f(Y 0 Ty
q q

q
X /A () DY hE Y The () H@h, Tre(©)ailh, £)).

The changes of variables require to introduce the terms det 7p¢ and det Thgl in the above integral;
but these two terms cancel each other since their product is 1.

Leaving out the justification for it for later, I differentiate the above expression under the
integral signs. Since  is constant and equal to 1 in a neighbourhood of M, it follows that:

® lﬂ(oq) =1 and
o VO = g, v Thee) =

Because of Lemma 3.1 and by definition of %—g

. _ _0H
an | H@h Te(O)ah. §) = —(0.£+5).

h=0

The lemma follows since

. . oH
/ du(X)g(X) / du() e i / du(¥) f(¥) / du@e 00 1 g
A A, A A, oh

ol oH
= S(Df)*g(Dg)q (M‘h_0> = S(ng)q (871’77,—0) ’

where the last line is true by Lemma 2.10.
There now remains to justify differentiation below the integral signs in

[ a0 [ auere 9 [ aumn oo,

q q

/ du(©) e O Y(he) W (W Tre (0)) H(@(h, Tre(0))a(h, £)).

Aq

Let 6 be the map:
VoM (hE > toaht).

Define a function & on 6* A by
H(h, & ¢) = Yy(hE)y(ho) H(@(h, Ha(h, §)).
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Let

Si(h,&Y) = / du(© e O H(h, & 0),

Aq

Sa(h, &) = / A f(¥ o TSI, E Y)Y, S3(h, X) = / dp(€) e X E 5(n, ),
Ay Aq
where S; is defined on 6* A*, S, is defined on V and extended by zero to R x A and S3 is defined
onR x A*.
I claim that H is in C°(6* A). The proof of this claim is similar to that for F in the proof of
Proposition 2.12 and will not be reproduced here. It follows that

Sy(h, &) =mpH(h,E 0)

is compactly supported in (A, £).

For £ fixed, the function H is compactly supported in (7, ¢), hence derivation below the integral
sign in S is possible.

Since f has polynomial controlled growth, for £ fixed, there exists a positive constant C, an
€ > 0 and an integer m such that

d _ " d

By Lemma 2.5, both terms on the right-hand side of the above inequality are bounded by a smooth
L' function independent of . Differentiation below the integral sign in S, is therefore possible.
Since S, is compactly supported, differentiation below the integral sign in S3 is possible.
To finish, since g has polynomial controlled growth and by Lemma 2.5, differentiation below
the integral sign in N g, is possible. [

Lemma 3.3. Let & and ¢ be in R", then
d
dh =9

Proof. First, I compute

ay do
%(u,hé) o ]/(M, ;‘) = ail/t(u, é‘) o %(”7 0)5 - 7/(”7 B(uv é‘? s))

d
Ty, hg) © YU, §) a Ou, h& + r)0(o(u, h), —hg + O(h?))
0

r=»

O(o(u, h&), r¢ + Blo(u, he), he + r¢, —hé + O(h?))
r=0

+ 03(o(u, h&), hé + r¢, —he + O(h?)))

dr

do
= a(d(l@ h&), 0)(¢ — hB(o(u, hE), ¢, &) + O(h?))

= y(o(u, h&), { — hB(o(u, hE), &, &) + O(h*)).
The result follows by differentiation and because y is linear in the second variable. [

The map y : U x R" — A|y is a local trivialisation of A. The induced local trivialisation of
A*:

§:UxR"— A*y



1824 S. Racaniére / Journal of Geometry and Physics 56 (2006) 1810-1836
is characterised by
(8(u, X), y(u, 0)) = (X, ¢),
where (, ) denotes the euclidean product on R".
Lemma 3.4. Leteyq,...,e, be abasis of R", then for (u, &) in U x R" and Y in A:;(u):

Ll s yerl,) = <&Qmma§:Yo0quJb®»q>.
dh s 4 ov P
Proof. In the proof of Lemma 3.3, I showed that
Ty ey © YU, §) = y(o(u, ), & — hB(o(u, h§), ¢ §) + O(?),
therefore
T he 0 Vo, hE), O)
=y(u,¢+ hBu, &)+ O(h?)) (Here Lusedo(u, he) = u + O(h) to simplify the formula).

The lemma is proved by using this formula when differentiating

8 MY o Tyl ) = (a(u he), Zy( hy(ug)oy(a(u,ﬁf),ek))ek>. O

Write

B(u, e, ep) = Z B,ihej.

In particular, the B,{h’s depend on u.

Corollary 3.5. ForY =3 ;Yjejand§ =}, &pep in R™:

d § ', Y) o

do ;
dh|p—g ﬁ)/(u 5)) %(M, 0)&, Z YjBk’h%-hek

k.h,j

Let f be a smooth function on A*. Define F = f o 8, then

d
ﬁkJMM%%wy Za <m+ZYa wnB

Proof. The first formula is just Lemma 3.4 written in local coordinates. The second one is a
straightforward computation. [

Let us look at the Poisson bracket on A* in local coordinates.

Lemma 3.6. Let f and g be smooth functions on A*. Define F = f o § and G = g o 8, smooth
Sfunctions on U x R". Set

{F.G}={fg}od.
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oG OF

Let (u, Z) be in U x R" and denote for dF (u, Z). I will use similar notations for W Zy

9G
and 7z Then

oF 0G oF oG oF 0G \ doyp,
E G , VA Bj Z a.. 9. a7 PYRS 0 '
{ Yu, Z) = E : 3Zi 9Z), ( hk wZj + Z <3Zk duy, ouy, 3Zk> vk .0

Proof. This is essentlally Eq. (1.2.6) and Proposition 2.2.6 in Ramazan [5] where it is proved
that3:

[y(u. ex), y(u. en)l = > _(Bj, — By )y(u. e))
J
and, if u;‘ is the jth coordinate map on U:

0
plex) - () = %(u, 0. O

Proposition 3.7. Let f and g be in Q(A*). Let H be a compactly supported smooth function on
G and q a point in M, then

(H) = i3(D 1)) (H)-

ol )

S(Dy)*x F(Dg) — F(Dg) x F(Dy)
(h.q)

dh
Proof. The left-hand side of the above equation is equal to
d
— N — Ngp).
dn h:O( 1g 8f )
The terms

oH
8(Dse)g (35 ’h—o)

appear in both % ’h:o Ny, and % ‘h:() Ngyr in Lemma 3.2; they will therefore cancel each other

when taking the difference. The other term in %’ N f,, when using Corollary 3.5, becomes

a sum of terms. These terms can be dealt with by re_calling that the Fourier transform takes the
operator ‘multiplication by a variable’ to the operator ‘derivation with respect to this variable’.
For example (with some slight abuse of notations):

w6 X) | du@e 95 [ apm 2w, 12w, 0)

Rn R R» 8Mh avk

x / du(@) e O Hy(s + 0)
Rn

_ / AX)Gu, Xy / du()e i / du(Y)—(u Y) % ,0)
R~ an R~

X / () e Hy (& + 0)
Rn

3 The signs here and in Ramazan [5] do not agree. This is due to different choices in the definition of the map a.
Essentially, I have s o o constant on the fibres of A — Q, whereas he has ¢ o « constant on the same fibres.
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. G Si(X.E) oF
=—1 | duX)— @, X) | duE)e dp(Y) —(u, Y) (u 0)
R~ 8Xk Rn Rn 814;,
x / du(©)e " Ho(s +¢)

S / du(@%(u,aai(u,aaﬂ(u,m / du() e 9 Hy(®),
R» k 8Mh avk R~

where the last line is true for the same reason that (D f) x §(Dg) = §(D ;) (see Lemma 2.10).
A similar computations leads to

d ~i{X.8) i OF
w(X)G(u, X) due &n vu(Y)Y By, —(u,Y)
]Rn Rn Rn BYk

x / du@) e T Hy(E + ¢)

- / du@—(u Z> (u 2)2,Bl, / du(®) e 9 Hy @),
Rn

These computations together with Lemma 3.6 prove Proposition 3.7. [
I obtain the following corollary.

Corollary 3.8. Let fand g be two smooth functions on A* acceptable for quantisation. Then

1 ——o
—[S(Dy), §(D
ih[%( 1), 5(Dg)]

is a well-defined element of Cfo(é) ®z; C2°(R x M), which along h = 0 is equal to

S(Dyfg))-
4. Quantisation of R?", with and without a magnetic field

In this short section, I will discuss the case of the quantisation of observables on the phase
space of a particle in R".

Let M = R” with its euclidean structure and A be the tangent bundle of M, thatis A = R, In
these conditions, the Lie groupoid G integrating A is the pair groupoid M x M = R" x R" with
source map, tangent map and product:

s(p,q) =q, t(p,q) = p, (, p)- (p, q) = (1, @)

The euclidean product gives a natural family of measures on the fibres of A. I can take o to be
defined on the whole of A by

alq,. &) =(@q+& q.

Also, I can choose 1 to be equal to the constant function 1. The space of morphisms of the tangent
groupoid is diffeormorhpic to R x R” x R". Let H be a compactly supported smooth function
on R x R"” x R”; it is a function of (A, p, ¢). Let f be a function acceptable for quantisation.
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For h £ 0 and x = (p, q) in G:

Qr(HIH) () = /A X f(p, %) /A dge™ X H@h, p. &) (h, p. 9)

= /]R dX f(p, X) /R dee "X H((h, p+ hE, p) - (B, p, @)

= / dX f(p, X) / dge SN H(h, p + hE, g).
R» R»
If f(p, X) is equal to Xy, the k-th coordinate of X, its quantisation at a given value of & is
.. 0
On(Xp) = —ih—,
Pk
whereas if f(p, X) = pi then

Or(pr) = pr,

the operator multiplication by py.

A magnetic field (see [4], p. 178) is given by a closed 2-form B on M. Since M = R" has
no cohomology in degree 2, it follows that there exists a one-form (the vector potential) A such
that B = dA. If the particle we are studying carries an electric charge e and has mass m, then the
Hamiltonian of the system can be taken to be

1
Ha(p, X) = —I1X — eAll%,
2m

where A is seen as a section of 7*M. This Hamiltonian is acceptable for quantisation and one
can therefore quantise the system consisting of the particle moving in the magnetic field. For a
different, and more detailed, approach to this problem, see Mantoiu and Purice [3].

5. Some general results about Poisson manifolds

Given a Poisson manifold P, its cotangent bundle is naturally a Lie algebroid A. If this Lie
algebroid is integrable to a Lie groupoid then Theorem 2.14 gives a quantisation of the Lie—
Poisson manifold A*. Since the Poisson structure of A* is completely determined by the one of
P, on might hope to be able to say something about a quantisation of P. One way of doing so
might consist in looking for a surjective Poisson map 7 between A* and P and then quantised
a function on P by taking the quantisation of the pulled back function on A*. In C*-algebraic
quantisation, such an idea is bound to fail because if f'is a function on P, then its pull-back 7* f
has little chance of being quantisable. Nevertheless, I will show with an example that this idea
can be made to work when using the quantisation defined in Theorem 2.14.

The aim of this section is to derive the partial differential equation that amap = : TP — P has
to satisfy to be Poisson. This PDE is given in Corollary 5.2.

Assume P is a Poisson manifold with Poisson bivector field n. Denote by p : TP — P the
natural projection. The Poisson structure of P induces a Lie algebroid structure on the cotangent
space of P with anchor map 7 : T*P — TP*. Its dual, the tangent space of P, inherits a Poisson

4 Here, 7 is understood as an anti-symmetric map between 7* P and TP. I will use different sorts of interpretations of
n, the precise interpretation depending on the context.



1828 S. Racaniére / Journal of Geometry and Physics 56 (2006) 1810-1836

structure in the following manner. Let « and g be closed one-forms on P. They naturally define
smooth functions, denoted & and 8, on TP by, for v in T P:

&(v) = a(v), and B(v) = B(v).

Put

{@. Birp(v) = o, BI(v), ©)
where [, ] is the bracket on the Lie algebroid 7* P. Let f and g be smooth functions on P. Put

{p*f p*glrp = 0. 3)
Finally, for v in T, P, put

{a, p* flrp(v) = n(a(x) - f “

Formulae (2)—(4) completely determine the Poisson structure on 7P.
Pick a torsion free connection on 7P:

V:I(TP)® I'(TP) — ['(TP),  (X,Y)+> VyY.

For example, the Levi—Civita connection of a metric would do. In particular, for every v in 7y P,
there is a splitting of T,,(TP) as a direct sum of a horizontal space H,(TP) and a vertical space
V,(TP). Denote by H and V the projection on respectively H(7P) and V(TP). Both these spaces
are isomorphic to 7y P and the projection H is equal to p, while V(TP) is the kernel of p.. The
isomorphism between V,(TP) and Ty P is given by

v+ tu.
t=0

d
T.P — V,(TP), U T

Let u be in /\2 T, P. The connection also defines a splitting of the tangent space of /\2 TP at
into the direct sum of a horizontal space isomorphic to 7y P and a vertical space isomorphic to
/\2 T, P. Because p o 1 is the identity of P, the horizontal component of Ty : TP — T A\ TP is
the identity. Denote its vertical component by

2
Dn: TP — N\ TP.

If fis a smooth function on TP, its differential at vin T, P has a horizontal and a vertical component.
Denote by 9, f : Ty P — C its horizontal component and by d; f : T, P — C its vertical one. In
the same fashion, for 7 : TP — P, denote by 917 and 9, p respectively the vertical and horizontal
components of T : T(TP) — TP.

Lemma 5.1. Let f and g be smooth functions on TP. For x in P and v in T, P:

{£ g}rp(v) = (Dn(v), 31 f(v) A 018(V)) + (N(x), 31 f(V) A 28(v) — 318(v) A B2 f(V)).
Proof. Use the right-hand side of the above equation to define a bracket

{,}:C®(P) x C®(P) — C™(P).

This bracket satisfies the Leibniz identity because the operators d; and 9, do. It is also clearly
anti-symmetric. To prove that it is equal to {, }7p, it suffices to prove that it satisfies Egs. (2)—(4).
Eq. (3) is satisfied because 91 vanishes on pull-backs to TP of functions on P.
If g is a function on P, then 9, p*g = dg. If f is equal to & for some one-form « on P, then
d1&(v) = o for all v in Ty P. Hence, the bracket {, } satisfies Eq. (4).
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The connection on TP — P also defines a connection on its dual bundle and on all bundles
one can construct from TP and T* P through direct sums, tensor products, etc. Since the definition
of a Poisson structure is local, I can assume that & and B are exact forms when checking that { }
satisfies Eq. 2. Let o and B be closed one-forms on P. Let v be in 7Ty P and let o be a path in P
such that o(0) = x and 6(0) = v; for example, take o(r) = Exp(fv), where Exp is the exponential
map of the connection. Eq. (2) gives

. d
{a, Birr(v) = | mew@ AP &)
=0
Let A — P be the bundle T*P & T*P & \*> TP — P. There is a natural map:
m:A—>R (B p)—> penp)

I will compute the differential of this map. Let w be in Tiy,.g,,.,)A With horizontal component
H(w) = v. Its vertical component V(w) = (€1, €2,0)isin Ty PH TP & A2T, P. Denote Do) -
A, — Ay(s) be the parallel transport along the path o. Define a path in A by

Y(®) = bon(ax + ter, Py + tea, py + 16).

The path y satisfies
Y(0) = (ax, Br, ptx),  and p(0) = w.

Notice that, because the connection on A is defined using a single connection on 7P, we have
m o ¢ory = m.

This means

d
my(w) = & mo ¢0(t)(05x + ter, By +tep, py + 16)
t=0

= m(El, ,Bx, Mx) + m(am 62a I/Lx) + m(ax» ﬁx» 6)
This last computation together with Eq. (5) gives
{@, Byrp(v) = m(31 x(v), By, 1x) + m(ax, 31 xB(V), 0x) + m(ax, B, Dn(v)). (6)

Firstly, in this equality, one can replace o, and B, by respectively 9; ,& and ;. ,B. Secondly,
consider a vector field X on P. Let

L:P—>T'POTP, X = (ay, Xy),
and
k:T*P®TP — C, 6, Z) — 8(2).
I choose X such that 9 X = 0. Then, differentiation of the equality:

kot=aoX
leads to

02, x,0(v) = 91 x(V)(X ). (7
Since « and B are closed one-forms, and since V is torsion free:

01, xa(V)(Xx) = 91, x(Xx)(v). ®)

Egs. (6)—(8) put together prove that the bracket {, } satisfies Eq. (2). O
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I deduce the following corollaries.

Corollary 5.2. Let m be a map TP — P. Let f and g be functions on P. Their pull-backs by
satisfy

(7" £ 7*ghrp(v) = ((317(v) @ N (V)(DxN(V))
+2(317(v) ® 7())(1N(x)), dr() [ A dr(w)8)-

In particular, 7 is Poisson if and only if

1
5(3171(11) O (W)@ xn(v)) + (317(v) © 7 (V)(N(x)) = N(7T(V)),
for all vin T, P, where © means the symmetric product.

Corollary 5.3. Assume the Poisson bivector field is parallel relative to the connection V. Then,
amap . TP — P is Poisson if and only if

(017(v) © Br()(N(x)) = n(7(v)),

forallvin T, P.

Proof. Indeed, since the Poisson bivector field is parallel:
Dn(v) =0. O

Assume the connection on P is the Levi—Civita connection of a metric on P and assume P is
complete. Its exponential map is denoted

Exp: TP — P.

When restricted to a fibre Ty P, I will denote it Exp, . I quote here the following lemma for future
reference.

Lemma 5.4. Let v be a tangent vector to P at a point x. Let w be a tangent vector to TP at
v. Its horizontal and vertical components are respectively Hw and Vw. Consider the geodesic
o(t) = Exp(tHw) and the one-parameter family of geodesics:

ys(t) = Expg(t)(s¢o'([)(v + tVw)),

where ¢ is the parallel transport. The differential of EXp at v is given by

d
TyExp(w) = o (0.
t=0

It follows that T Exp(w) is also the value at t = 1 of the Jacobi field J along the geodesic o with
initial value J(0) = Hw and J'(0) = Vw. In particular, Exp : TP — P is a submersion.

Proof. This is a simple exercise in Riemannian geometry. [
6. The torus with constant Poisson structure

Let P be the n-dimensionnal torus R" /277" with its metric inherited from the euclidean metric
(,) on R". Consider a constant Poisson structure on P given by a skew-symmetric n X n matrix
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n. Identify TP with R" x P in the obvious way. From Corollary 5.2, I deduce that the map:

1 1
7:R"x P— P, (u,p)l—)Epr<2M>:p+2“

is Poisson. It is also a surjective submersion. Hence, I can hope that a quantisation of TP will
lead to a quantisation of P.

The dual A = T*P of TP, identified with TP using the euclidean metric, is a Lie algebroid.
It can be integrated to a source simply connected Lie groupoid. The space of morphims of this
groupoid is R” x P. Notice that R" is the direct orthogonal sum of Ker(n) and Im(#). Let pr; be
the orthogonal projection on Ker(n) and pr, the orthogonal projection on Im(#). The source map
of the groupoid is

s:R'x P— P, (u, p) — p,
whereas the target map is
t:R"x P— P, (u, p) = p+ pry(u).

Given two elements (u, p) and (v, ¢) in the groupoid, their multiplication (u, p) - (v, g) is well
defined if the target of (u, p) is equal to the source of (v, q), that is if g = p + pry(u); in this case

(I/t, P) : (Uv Q) = (M +v, P)

Assume that 7 is invertible, that is P is symplectic. In this case, n defines an isomorphism of Lie
algebroids between T* P and TP:

T*P — TP, & p) = &), p).

Choose the natural connection on the trivial vector bundle TP >~ R" x P — P.
The exponential map Exp for TP is

TP — R" x P, (X, p) > (X, p).
Whereas the Exp map for T* P, that is «, is
T*P— P, (& p)> &), p).
The tangent groupoid is given by G = R x R" x P with
sth,u, q) = (h, q), and t(h, u, q) = (h, g + hu).
The product is given by
(h, v, q +hu) - (h,u,q) = (h,v+u, q).
With this representation of G, the exponential of the tangent groupoid is
Rx TP —- RxR"x P, (h, X, q) —~ (h, X, q),
therefore & is
RxT"P—->RxR"x P, (h, & q) — (B, (&), q).
Let fbe a function on A* = TP. Assume it is acceptable for quantisation. Let H be a compactly

supported smooth function on G. For (b, ¢) in R x P:

Q(f)n,q(H) = /]R d(X) f(X, 9) /]R d@) e EX H(R, n(E), 9). 9)
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Let r be a vector in Z" and define a function:
g :P—C, g > el

The number e*9 is well defined because (r, ¢) is well-defined modulo 27. Set f, = 7*g,, that is
fr: TP — C, (X, q) > el "Dl /21 X)

Proposition 6.1. Let r and r' be vectors in 7", then
Qfy) * Qfy) = QM2 £,

Proof. With f, instead of f, (9) becomes

O(fhq(H) = / d(X)elna) gl/2inX) / d© e "E X H(h, nE), 9)
Rn n

=9 H(R, n(1/2r), ¢).
Hence, the product Q(f;) * Q(f,) is
Q(fr) *x QUi )n,q(H)

= / d(X) (X, q) /]R d(g)e'&X) /R d(Y) £,(Y, g + hn(8))
x /]R 4(0) e N H(h, (¢ +£). 9)

/ d(X)ei(r, g) e/20"X) / d(g)e'&X / d(Y)erathn@) 1 12i(r, Y)
R~ R~ Rn

X /]R AT Hh, 1 +6), )

=ei(r’+r,q}/ d(y)ei(r,hn(l/Zr’)) ei(r,Y)/

d(©)e N H(h, (g +1/21), 9)
Rn

ik
2

— 4 3 (1 2 4 1), q) = €3 N QU fy g (H). O

Let P be the algebra of functions on P generated by {g,, r € Z"}. It is a dense subalgebra of the
C*-algebra of continuous functions on P. Proposition 6.1 shows that the product on this algebra
can be deformed in

)

8r*h g = €' 8rr's

for each A. With this new product, P becomes a *-algebra which can be completed into a C*-
algebra Pp. The natural family of injections P — Py, gives the usual quantisation of the torus
with constant Poisson structure as defined in Tang and Weinstein [7]. It is a strict deformation
quantisation in the sense of Rieffel.
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Appendix A. The two-sphere in R3

Let P = S be the two-sphere {(x, y, z) € R3/x? 4+ y*> + z2 = 1}. In this section, I show how
to construct a Poisson map between TS? and S2.

Consider the metric on S? given by the restriction of the euclidean metric dx?> + dy? + dz? on
R3. For p=(x,y,2)in R3, define the endomorphism:

Jpw)=u A p, forallue R3.
The restriction of J to each tangent space of S? defines a complex structure on the sphere. Also
w=2gU:")
is a symplectic form on S2. It is the restriction to S? of the two-form zdy A dz — ydx A dz +
zdx A dy defined on R3. The geodesics are great circles on the sphere so that the exponential is
given by
sin(lul)
el

The differential 91 Exp is given by

Exp,,(u) = p cos(||ul)) +

d
Exp(, p)(h) = dt‘ Exp,(u + th)

t=0
_ sin(llull)(_(u’h)erh)jL flull COS(IIull)z— sin(llull)|| <uh> “.
[[ue]] flu [Juel]

this is a map from T,S? to TExpP(M)S?
Also

d

32EXP(u’p)(€) = dr ‘t_o EXPG(;)ff’a(t)(u),
where o(t) = Exp p(te) and ¢y is the parallel transport along o(¢). Without loss of generality, I
can assume that € is a unit vector. In this situation:

o(t) = cos()p + sin(t)e.
Also, {p, €, p A €} forms an orthonormal basis of R and ¢ ;) is a morphism in SO(3). It is given
by

d .

bo(p) =0(t),  Por)(€) = 500)’ = —sin(®)p +cos()e,  Por)(pAN€) = p A€
It follows that

Go(ry(u) = (u, €)(—sin(t)p + cos(t)e) + (u, p A €)p N €.
The parallel transport preserves the norm, hence u and ¢, (;)(#) have the same norm and

sin(|u]|)

EXpy (1) o) () = cos(|lu[)o(r) + Wdh(z)(u)

sin(|u]l)

= cos(lulD(cos()p + sin()e) + — 7

({u, €)(—sin(t)p

+ cos(t)e) + (u, p A€)p A €).
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I can now compute
sin([lull)

(u, €)p.

d
BB = g ExPatotn(@) = cosllule = =
t=0

This last formula is of course still valid when € is not a unit vector.
Consider a map

w:TS* - §*  ur> Exp(h ull) = cosillul)p + fOullulru,

where A is a function of ||u||? defined for ||u||? in some neighbourhood of 0 in R. For 7 to be a

Poisson map, I need 1L(0) = %

I will now compute the differential of such a map. Firstly

d
O pT) = | Exp, (il + th*)u + th)
=0

1=

cos(h([lu + thl|*) llu + th|)p
=0

+ Ol A+ th 1) llu + DAl + th]|*)u + th)

—Dp+ FONulhrh
lul

= —sin(& lulD@A"u, h) lull + A (h

+2F 0 Ml )M u + 24u, YA NJull + AR, ﬁﬂf/(k llel)Aue

= —A SO N G, B Jull® + A, BYAF Ml p + fO lulDrR

)\2
+QFOMulDA + 223 f Ol + —— f' e MlulD)u, hyu

el

= =1 SO NulD@A G, Y Nuell> + 2, )AL ONulDp + FO llul)hh

)\'2
+ 21\ cos(h |lull) + mf’(x Nl (u, hyu,

where for the last equality I have used the relation:

tf'(t) = cos(t) — f(1).
Secondly, assuming without loss of generality that ||€|| = 1:

d

02,(u, p)7(€) = a 07T(¢a(z)(u))
=

d 2
= 5| ExPat ([0 0] ot @)
t =0

d
= 5| ExPe @)t @)
t =0

d
= | cosCt|dow@ Do) + fGu|dow @) Do)
t=0

d
=3 cos( [lulDo(r) + [ lul)Apoy((u, €)€ + (u, p X €)p X €)
t=0
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/ d /
= cos(A [lul)o(0) + A f (A [[ul) T ((u, €)o (1) + (u, p X €)p X €)
=0
= cos(A [lule + (u, e)r f(A [lulo (0) = cos(h [[ul)e — (u, €)A f(A lul)p.

I wish to compute [|u||?d;7 © d(n(p)). I know

n(p) = uA(pxu), wheneveru # 0.

1
Jlul?
So, I need to compute

@) = =2 LONulD@A ull® + 1) [ull® p + A fO NulDu

A
Jluel?
= —Allul® FONulD@A Null* +2)p + A fNul)

+ 22 cos(n [lull) el + 22 fluell £/ Null))u
= 2 lull® + 2)cosh lluldu — llull* 2 £ lul)p),

+ (22 cos(h [lull) + SO luell u

and

O, p7(p X u) = Af (Alul)p x u,
and

3, py(u) = cos(h lulu — llull® A f O ul)p
and finally

02, u, py7(p x u) = cos(A [lul)p x u.
Notice that
0, py(u) = (22 llull® + A)02, (u, pyTr(1t).
I can now compute
lul® 810 © d27(1(p))
=1t(u) A dm(p X u) + dpm(u) A dpm(p X u)
= () A (A ul® + 232,00, py(u) + 0170(p x u))
= (cos(h luldu — ul® Af O Nlull)p) A (@A llull® + ) cos@h llull) + A f O lul))p x u
= (cos( llulhu — lull? sin(r ul)p) A (24 lull* + ) cos( llull) + A f O lulD)p x u.
On the other hand

lull n((u, p)) = lull?® Goejunm(p)),

witho(¢) = Exp (l”Z”) = cos(f)p + Sin(f)”l:T” = Gonful)@) A Poulul)(p X u)

=o' lul) A (p x u) = (cos(h lulDu — llull sin( lul)p) A (p x u).
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It follows that 7 is a Poisson map if and only if A satisfies the following differential equation:
QN () + A1) cos(M(1)1) + A1) FH)r) = 1.
Put u(r) = A(#%) so that w = 212/ (#%). The function w satisfies the differential equation:

sin(u(nn) _
t

(W' ()1 + () cos(u(r)r) + 1.

Put a(t) = sin(u(#)t) so that o/ (1) = (u/ (1)t + w(t)) cos(uu(#)t). The function « satisfies the differ-
ential equation:

1o/ (1) + a(t) = t.
A general solution of this equation is
t
a(t) = 4 + —, witha € R.
r 2
Hence
o 1 . <a n t)
= —arcsin (—+ = | .
’ t t 2
Since I want «(0) = A(0) = 1/2,Ineed @ = 0 and

) = * arcsi (5)
= —arcsmm | — ).
H : 2

I deduce the following proposition.

Proposition A.1. The map

1
7:TS? > §2, (u, p) — Exp, <”” arcsin (”;”) u>
u

is Poisson.

The way it is written in the previous proposition, the map 7 is only defined on a neighbourhood
of $% in TS2. Nevertheless, it can easily be extended to a continuous function on the whole of T'S 2
so that it is Poisson wherever it is smooth. The fact that this map is not smooth at all points means
that technics used in Section 6 will not carry over here. I nevertheless believe that a modification
of these technics will make things work.
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